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1. Introduction
Matroids were introduced byWhitney in 1935 as a generalization of both graphs and vector spaces. It is well-known that
matroids play an important role in mathematics, especially in applied mathematics. Matroids are precisely the structures
for which the very simple and efficient greedy algorithm works [1,2]. Matroid theory was generalized to fuzzy fields by Shi,
namely to theM-fuzzifying matroid, which can be characterized by means of itsM-fuzzy family of bases,M-fuzzy family of
circuits,M-fuzzifying rank function,M-fuzzifying closure operator,M-fuzzifying derived operator orM-fuzzifying difference
derived operator [3–7]. His approach to the fuzzification of matroids preserves many basic properties of matroids.
As a basic concept in matroid theory, nullities play an important role and can be used to characterize matroids. It is well-
known that the linearly independent subsets of A exactly form the independent sets of the vector matroid MF [A], where
A = {v1, . . . , vm} is an n × mmatrix over a field F . In this case the nullity of A in the vector matroid MF [A] is precisely the
dimension of the solutions space of equations Ax = 0 over F .
This purpose of thiswork is to introduce the notion of theM-fuzzifying nullity for anM-fuzzifyingmatroid, and to present
a characterization of anM-fuzzifying matroid by means of itsM-fuzzifying nullity.
2. Preliminaries
Throughout this work, M denotes a completely distributive lattice with order reversing involution ′. E is a nonempty
finite set andME is the set of allM-fuzzy sets on E. The smallest element and the largest element inM are denoted by⊥ and
⊤ respectively. We often do not distinguish a crisp subset A of E from its characteristic function χA.
An element a inM is called a prime (resp., co-prime) element if a ⩾ b ∧ c (resp., a ⩽ b ∨ c) implies a ⩾ b or a ⩾ c (resp.,
a ⩽ b or a ⩽ c) [8]. The set of non-unit prime elements (resp., non-zero co-prime elements) inM is denoted by P(M) (resp.,
J(M)).
The wedge-below relation ▹ in M is defined as follows: for a, b ∈ M, a ▹ b if and only if for every subset D ⊆ M , the
relation b ⩽ supD always implies the existence of d ∈ D with a ⩽ d [9]. ▹op is the wedge-below relation in the dual poset
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Mop. For b ∈ M , {a ∈ M : a ▹ b} is called the greatest minimal family of b in the sense of [10], denoted by β(b). Moreover,
we define α(b) = {a ∈ M : a▹op b}. In a completely distributive latticeM, β is a union-preserving map, α is an –map,
and b =β(b) =α(b) (see [10]).
Let A ∈ ME and a ∈ M; define
A[a] = {e ∈ E : A(e) ⩾ a}, A(a) = {e ∈ E : A(e) 
 a},
A(a) = {e ∈ E : a ∈ β(A(e))}, A[a] = {e ∈ E : a ∉ α(A(e))}.
Some properties of the cut sets can be found in [11,12].
Definition 2.1 ([3,4]). Let E be a finite set. A map I : 2E → M is anM-fuzzy family of independent sets on E if and only if it
satisfies the following conditions: ∀A, B ∈ 2E ,
(MFI1) I(∅) = ⊤;
(MFI2) A ⊆ B ⇒ I(A) ⩾ I(B);
(MFI3) |A| < |B| ⇒e∈B−A I(A ∪ {e}) ⩾ I(A) ∧ I(B).
If I is anM-fuzzy family of independent sets on E, then the pair (E, I) is called anM-fuzzifying matroid.
Theorem 2.2 ([4]). Let E be a finite set and I : 2E → M be a map. Then the following conditions are equivalent:
(1) (E, I) is an M-fuzzifying matroid;
(2) for each a ∈ J(M), (E, I[a]) is a matroid;
(3) for each a ∈ P(M), (E, I(a)) is a matroid.
Theorem 2.3 ([4]). Let {(E, Ia) : a ∈ P(M)} be a family of matroids. If Ia = {Ib : b ∈ α(a)} for all a ∈ P(M), then there
exists an M-fuzzifying matroid (E, I) such that I(a) = Ia.
Theorem 2.4 ([4]). Let E be a finite set and I : 2E → M be a map. If β(a ∧ b) = β(a) ∩ β(b) for any a, b ∈ M, then the
following conditions are equivalent:
(1) (E, I) is an M-fuzzifying matroid;
(2) for each a ∈ β(⊤), (E, I(a)) is a matroid.
Theorem 2.5 ([4]). Let E be a finite set and I : 2E → M be a map. If α(a ∨ b) = α(a) ∩ α(b) for any a, b ∈ M, then the
following conditions are equivalent:
(1) (E, I) is an M-fuzzifying matroid;
(2) for each a ∈ α(⊥), (E, I[a]) is a matroid.
Definition 2.6 ([3]). Let (E, I) be anM-fuzzifying matroid. The map RI : 2E → N(M) defined by
RI(A)(n) =

{I(B) : B ⊆ A, |B| ⩾ n}
is called theM-fuzzifying rank function for (E, I). If A ∈ 2E , then RI(A) is called theM-fuzzifying rank of A.
Theorem 2.7 ([4,13]). Let (E, I) be an M-fuzzifying matroid and RI be the M-fuzzifying rank function for (E, I). Then:
(1) ∀A ∈ 2E and a ∈ J(M), RI(A)[a] = RI[a](A), where RI[a] is the rank function for (E, I[a]).
(2) ∀A ∈ 2E and a ∈ P(M), RI(A)(a) = RI(a)(A), where RI(a) is the rank function for (E, I(a)).
Theorem 2.8 ([5]). Let (E, I) be an M-fuzzifying matroid and RI be the M-fuzzifying rank function for (E, I). If β(a ∧ b) =
β(a) ∩ β(b) for any a, b ∈ M, then
∀A ∈ 2E and a ∈ β(⊤), RI(A)(a) = RI(a)(A),
where RI(a) is the rank function for (E, I(a)).
As the dual result of Theorem 2.8 we have the following theorem.
Theorem 2.9. Let (E, I) be an M-fuzzifying matroid and RI be the M-fuzzifying rank function for (E, I). If α(a ∨ b) =
α(a) ∩ α(b) for any a, b ∈ M, then
∀A ∈ 2E and a ∈ α(⊥), RI(A)[a] = RI[a](A),
where RI[a] is the rank function for (E, I
[a]).
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3. The subtraction ofM-fuzzy natural numbers
An M-fuzzy natural number is the generalization of a natural number, which is defined as an M-fuzzy set on the set of
all natural numbers as follows:
Definition 3.1 ([3]). LetN denote the set of all natural numbers. AnM-fuzzy natural number is an antitone map λ : N→ M
satisfying
λ(0) = ⊤,

n∈N
λ(n) = ⊥.
The set of allM-fuzzy natural numbers is denoted by N(M).
Remark 3.2. For anym ∈ N, definem ∈ N(M) as follows:
m(t) =
⊤, if t ⩽ m,
⊥, if t ⩾ m+ 1.
If we do not distinguishm andm, then N can be regarded as a subset of N(M).
Definition 3.3. AnM-fuzzy natural number λ : N→ M is called a finiteM-fuzzy natural number if there exists N ∈ N such
that λ(n) = ⊥ for any n ⩾ N .
Definition 3.4 ([3]). For any λ,µ ∈ N(M), define the addition λ+ µ of λ and µ as follows:
∀n ∈ N, (λ+ µ)(n) =

n=k+l
(λ(k) ∧ µ(l)) .
Remark 3.5. The cardinality of a crisp set A can be regarded as an increasing set of integers {0, 1, . . . , n}. Such a set
represents a cardinality and is also mathematically equivalent to the integer n. In the sequel, we shall not distinguish
{0, 1, . . . , n} from n.
Lemma 3.6 ([6]). For any λ,µ ∈ N(M) and a ∈ J(M), it follows that
(λ+ µ)[a] = λ[a] + µ[a].
Here we introduce the subtraction ofM-fuzzy natural numbers, which can be used to describeM-fuzzifying nullities for
M-fuzzifying matroids.
Definition 3.7. Let λ,µ ∈ N(M) be finiteM-fuzzy natural numbers. If λ[a] ⩾ µ(a′) for each a ∈ J(M), define the subtraction
λ− µ of λ and µ as follows:
∀n ∈ N, (λ− µ)(n) =

{a ∈ J(M) : n ⩽ λ[a] − µ(a′)}.
Theorem 3.8. Let λ,µ ∈ N(M) be finite M-fuzzy natural numbers. If λ[a] ⩾ µ(a′) for each a ∈ J(M), then
∀a ∈ J(M), (λ− µ)[a] = λ[a] − µ(a′).
Proof. ∀a ∈ J(M). On the one hand, by Definition 3.7, we have
n ⩽ λ[a] − µ(a′) ⇒ (λ− µ)(n) ⩾ a
⇔ n ∈ (λ− µ)[a].
On the other hand, since λ,µ are finiteM-fuzzy natural numbers, we have
n ∈ (λ− µ)[a] ⇔ (λ− µ)(n) ⩾ a
⇔ there exists b ∈ J(M) such that b ⩾ a, n ⩽ λ[b] − µ(b′)
⇒ n ⩽ λ[a] − µ(a′).
This shows that n ∈ (λ− µ)[a] ⇔ n ⩽ λ[a] − µ(a′), i.e. (λ− µ)[a] = λ[a] − µ(a′). 
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Theorem 3.9. Let λ,µ ∈ N(M) be finite M-fuzzy natural numbers. If λ[a] ⩾ µ(a′) for each a ∈ J(M), then
∀a ∈ P(M), (λ− µ)(a) = λ(a) − µ[a′].
Proof. ∀a ∈ P(M). On the one hand, we need to prove (λ− µ)(a) ⩽ λ(a) − µ[a′].
n ∈ (λ− µ)(a) ⇔ (λ− µ)(n) 
 a
⇒ there exists b ∈ J(M) such that b 
 a and n ⩽ λ[b] − µ(b′).
Thus n ⩽ λ[b] − µ(b′) ⩽b
a λ[b] −a′
b′ µ(b′) = λ(a) − µ[a′].
On the other hand, we need to prove λ(a) − µ[a′] ⩽ (λ− µ)(a).
n ⩽ λ(a) − µ[a′] ⇒ there exist k ⩽ λ(a) =

b
a
λ[b], l ⩾ µ[a′] =

b
a
µ(b
′) such that n = k− l
⇒ there exist b1 
 a, b2 
 a such that k ⩽ λ[b1], l ⩾ µ(b2
′) and n = k− l.
Let b = b1 ∧ b2; then b 
 a by a ∈ P(M), and thus there exists b0 ∈ J(M) such that b0 ⩽ b and b0 
 a, and hence
k ⩽ λ[b0], l ⩾ µ
(b0 ′) and n = k− l.
Hence
n ⩽ λ[b0] − µ(b0
′) ⩽

b∈J(M),b
a
(λ[b] − µ(b′)) =

b∈J(M),b
a
(λ− µ)[b] = (λ− µ)(a).
Therefore, (λ− µ)(a) = λ(a) − µ[a′] for each a ∈ P(M). 
Corollary 3.10. Let λ,µ ∈ N(M) be finite M-fuzzy natural numbers. If λ[a] ⩾ µ(a′) for each a ∈ J(M), then
∀n ∈ N, (λ− µ)(n) =

{a ∈ P(M) : λ(a) − µ[a′] < n}.
Theorem 3.11. Let λ,µ ∈ N(M) be finiteM-fuzzy natural numbers. If β(a∧b) = β(a)∩β(b) for any a, b ∈ M and λ[a] ⩾ µ(a′)
for each a ∈ J(M), then
∀a ∈ β(⊤), (λ− µ)(a) = λ(a) − µ[a′].
Proof. ∀a ∈ β(⊤). On the one hand, we need to prove (λ− µ)(a) ⩽ λ(a) − µ[a′].
n ∈ (λ− µ)(a) ⇔ a ∈ β((λ− µ)(n))
⇒ there exists b ∈ J(M) such that a ∈ β(b) and n ⩽ λ[b] − µ(b′).
Thus n ⩽ λ[b] − µ(b′) ⩽a∈β(b) λ[b] −a′∈α(b′) µ(b′) = λ(a) − µ[a′].
On the other hand, we need to prove λ(a) − µ[a′] ⩽ (λ− µ)(a).
n ⩽ λ(a) − µ[a′]
⇒ there exist k ⩽ λ(a) =

a∈β(b)
λ[b], l ⩾ µ[a
′] =

a′∈α(b′)
µ(b
′) such that n = k− l
⇒ there exist b1, b2 ∈ M such that
a ∈ β(b1) ∩ β(b2) = β(b1 ∧ b2), k ⩽ λ[b1], l ⩾ µ(b2
′) and n = k− l.
Let b = b1 ∧ b2; then a ∈ β(b), and thus there exists b0 ∈ J(M) such that b0 ⩽ b and a ∈ β(b0). Hence n ⩽ λ[b0] − µ(b0 ′) ⩽
b∈J(M),a∈β(b)(λ[b] − µ(b′)) =

b∈J(M),a∈β(b)(λ− µ)[b] = (λ− µ)(a).
Therefore, (λ− µ)(a) = λ(a) − µ[a′] for each a ∈ β(⊤). 
Corollary 3.12. Let λ,µ ∈ N(M) be finiteM-fuzzy natural numbers. If β(a∧b) = β(a)∩β(b) for any a, b ∈ M andλ[a] ⩾ µ(a′)
for each a ∈ J(M), then
∀n ∈ N, (λ− µ)(n) =

{a ∈ β(⊤) : n ⩽ λ(a) − µ[a′]}.
As the dual result of Theorem 3.11, we have the following theorem.
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Theorem 3.13. Let λ,µ ∈ N(M) be finiteM-fuzzy natural numbers. If α(a∨b) = α(a)∩α(b) for any a, b ∈ M and λ[a] ⩾ µ(a′)
for each a ∈ J(M), then
∀a ∈ α(⊥), (λ− µ)[a] = λ[a] − µ(a′).
Corollary 3.14. Let λ,µ ∈ N(M) be finiteM-fuzzy natural numbers. If α(a∨b) = α(a)∩α(b) for any a, b ∈ M and λ[a] ⩾ µ(a′)
for each a ∈ J(M), then
∀n ∈ N, (λ− µ)(n) =

{a ∈ α(⊥) : λ[a] − µ(a′) < n}.
By Remark 3.2, Lemma 3.6 and Theorem 3.8, we can easily obtain the following two theorems.
Theorem 3.15. Let λ,µ, κ ∈ N(M) be finite M-fuzzy natural numbers. Then each of the following holds:
(1) λ− 0 = λ.
(2) If µ[a] ⩾ κ (a
′) for each a ∈ J(M), then (λ+ µ)− κ = λ+ (µ− κ).
(3) If λ[a] ⩾ µ(a
′) + κ (a′) for each a ∈ J(M), then (λ− µ)− κ = λ− (µ+ κ).
Theorem 3.16. For any m, n ∈ N. If m ⩾ n, then m− n = m− n.
By Theorem 3.16, we know that the subtraction of finiteM-fuzzy natural numbers is a reasonable generalization of that
of natural numbers.
Here we introduce the opposite number of anM-fuzzy natural. On this basis, the subtraction ofM-fuzzy natural numbers
is given by another form of expression, which is similar to the addition ofM-fuzzy natural numbers.
Definition 3.17. Let λ ∈ N(M) be a finite M-fuzzy natural number and N− = {−n : n ∈ N}. The antitone map
−λ : N− → M defined by
∀n ∈ N, (−λ)(−n) =

{a ∈ J(M) : n ⩾ λ(a′)}
is called the opposite number of λ.
By an approach similar to that of the proofs of Theorems 3.8, 3.9, 3.11 and 3.13, we can obtain the following three
theorems.
Theorem 3.18. Let λ ∈ N(M) be a finite M-fuzzy natural number. Then:
(1) ∀a ∈ J(M), (−λ)[a] = −λ(a′).
(2) ∀a ∈ P(M), (−λ)(a) = −λ[a′].
Theorem 3.19. Let λ ∈ N(M) be a finite M-fuzzy natural number. If β(a ∧ b) = β(a) ∩ β(b) for any a, b ∈ M, then
∀a ∈ β(⊤), (−λ)(a) = −λ[a′].
Theorem 3.20. Let λ ∈ N(M) be a finite M-fuzzy natural number. If α(a ∨ b) = α(a) ∩ α(b) for any a, b ∈ M, then
∀a ∈ α(⊥), (−λ)[a] = −λ(a′).
Theorem 3.21. Let λ,µ ∈ N(M) be finite M-fuzzy natural numbers. If λ[a] ⩾ µ(a′) for each a ∈ J(M), then
∀n ∈ N, (λ− µ)(n) =

n=k−l
(λ(k) ∧ (−µ)(−l)).
Proof. ∀a ∈ J(M), since λ is a finiteM-fuzzy natural number, we have
n=k−l
(λ(k) ∧ (−µ)(−l))(n) ⩾ a
⇔ there exist k, l ∈ N such that n = k− l, λ(k) ⩾ a and (−µ)(−l) ⩾ a
⇔ there exist k, l ∈ N such that n = k− l, k ∈ λ[a] and − l ∈ (−µ)[a]
⇔ there exist k, l ∈ N such that n = k− l, k ∈ λ[a] and − l ⩽ −µ(a′)
⇔ n ⩽ λ[a] − µ(a′) ⇔ n ∈ (λ− µ)[a] ⇔ (λ− µ)(n) ⩾ a.
This shows that (λ− µ)(n) =n=k−l(λ(k) ∧ (−µ)(−l)). 
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4. M-fuzzifying nullities forM-fuzzifying matroids
In this section, we shall present the notion of the M-fuzzifying nullity for an M-fuzzifying matroid, by which an
M-fuzzifying matroid can be characterized.
In order to generalize the concept of nullities to the fuzzy setting, recall that in a matroid (E, I) with RI : 2E → N as
its rank function, the map νI : 2E → N defined by νI(A) = |A| − RI(A) is called the nullity for (E, I). On the basis of the
subtraction ofM-fuzzy natural numbers, we can generalize the concept of nullities as follows:
Definition 4.1. Let (E, I) be anM-fuzzifying matroid and RI : 2E → N(M) be theM-fuzzifying rank function for (E, I). We
call a map νI : 2E → N(M) defined by
νI(A) = |A| − RI(A)
theM-fuzzifying nullity for (E, I).
Theorem 4.2. Let (E, I) be an M-fuzzifying matroid and νI be the M-fuzzifying nullity for (E, I). Then:
(1) ∀A ∈ 2E and a ∈ J(M), νI(A)[a] = νI(a′)(A), where νI(a′) is the nullity for (E, I(a
′)).
(2) ∀A ∈ 2E and a ∈ P(M), νI(A)(a) = νI[a′](A), where νI[a′] is the nullity for (E, I[a′]).
Proof. (1) ∀a ∈ J(M) and A ∈ 2E , by Theorems 2.7(2) and 3.8, we have the following equations:
νI(A)[a] = (|A| − RI(A))[a] = |A| − RI(A)(a′) = |A| − RI(a′)(A) = νI(a′)(A).
(2) ∀a ∈ P(M) and A ∈ 2E , by Theorems 2.7(1) and 3.9, we have the following equations:
νI(A)(a) = (|A| − RI(A))(a) = |A| − RI(A)[a′] = |A| − RI[a′](A) = νI[a′](A). 
Theorem 4.3. Let (E, I) be an M-fuzzifying matroid and νI be the M-fuzzifying nullity for (E, I). If β(a ∧ b) = β(a) ∩ β(b)
for any a, b ∈ M, then
∀A ∈ 2E and a ∈ β(⊤), νI(A)(a) = νI[a′](A),
where νI[a′] is the nullity for (E, I
[a′]).
Proof. ∀a ∈ β(⊤) and A ∈ 2E , by Theorems 2.9 and 3.11, we have the following equations:
νI(A)(a) = (|A| − RI(A))(a) = |A| − RI(A)[a′] = |A| − RI[a′](A) = νI[a′](A). 
Theorem 4.4. Let (E, I) be an M-fuzzifying matroid and νI be the M-fuzzifying nullity for (E, I). If α(a ∨ b) = α(a) ∩ α(b)
for any a, b ∈ M, then
∀A ∈ 2E and a ∈ α(⊥), νI(A)[a] = νI(a′)(A),
where νI(a′) is the nullity for (E, I(a′)).
Proof. (1) ∀a ∈ α(⊥) and A ∈ 2E , by Theorems 2.8 and 3.13, we have the following equations:
νI(A)[a] = (|A| − RI(A))[a] = |A| − RI(A)(a′) = |A| − RI(a′)(A) = νI(a′)(A). 
Theorem 4.5. Let (E, I) be anM-fuzzifyingmatroid and νI : 2E → N(M) be theM-fuzzifying nullity for (E, I). Then νI satisfies
the following conditions: ∀A, B ∈ 2E ,
(MFN1) 0 ⩽ νI(A) ⩽ |A|;
(MFN2) A ⊆ B ⇒ |B| + νI(A) ⩾ |A| + νI(B);
(MFN3) νI(A ∪ B)+ νI(A ∩ B) ⩾ νI(A)+ νI(B).
Proof. By Lemma 3.6, Theorem 4.2 and the properties of the nullity for a matroid, we have:
(MFN1) ∀a ∈ J(M), 0 ⩽ νI(a′)(A) ⩽ |A|; thus 0[a] = {0} ⊆ νI(A)[a] ⊆ |A|[a], and hence 0 ⩽ νI(A) ⩽ |A|.
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(MFN2) ∀a ∈ J(M), we have
(|A| + νI(B))[a] = |A|[a] + νI(B)[a]
= |A| + νI(a′)(B)
⩽ |B| + νI(a′)(A)
= |B|[a] + νI(A)[a]
= (|B| + νI(A))[a].
This implies that |B| + νI(A) ⩾ |A| + νI(B).
(MFN3) ∀a ∈ J(M), we have
(νI(A ∪ B)+ νI(A ∩ B))[a] = νI(A ∪ B)[a] + νI(A ∩ B)[a]
= νI(a′)(A ∪ B)+ νI(a′)(A ∩ B)
⩾ νI(a′)(A)+ νI(a′)(B)
= νI(A)[a] + νI(B)[a]
= (νI(A)+ νI(B))[a].
Therefore, νI(A ∪ B)+ νI(A ∩ B) ⩾ νI(A)+ νI(B). 
By Lemma 3.6, we can easily obtain the following lemma.
Lemma 4.6. Let ν : 2E → N(M) be a map satisfying (MFN1)–(MFN3). Define νa : 2E → N for each a ∈ P(M) by
∀A ∈ 2E, νa(A) = ν(A)[a′].
Then νa satisfies the following (N1)–(N3): ∀A, B ∈ 2E ,
(N1) 0 ⩽ νa(A) ⩽ |A|;
(N2) A ⊆ B ⇒ |B| + νa(A) ⩾ |A| + νa(B);
(N3) νa(A ∩ B)+ νa(A ∪ B) ⩾ νa(A)+ νa(B).
Hence there exists a matroid (E, Iνa) such that νa is the nullity for (E, Iνa), where Iνa = {A ∈ 2E : νa(A) = 0}.
Lemma 4.7. ∀a ∈ P(M), Iνa =
{Iνb : b ∈ α(a)}.
Proof. ∀a ∈ P(M), we have
A ∈ Iνa ⇔ ν(A)[a′] = νa(A) = 0
⇔

b′∈β(a′)
ν(A)[b′] = 0
⇔

b∈α(a)
νb(A) = 0
⇔ there exists b ∈ α(a) such that νb(A) = 0
⇔ there exists b ∈ α(a) such that A ∈ Iνb .
This implies that Iνa =
{Iνb : b ∈ α(a)}. 
Theorem 4.8. Let ν : 2E → N(M) be a map satisfying (MFN1)–(MFN3). Define Iν : 2E → M by
∀A ∈ 2E, Iν(A) =

{a ∈ P(M) : A ∉ Iνa}.
Then:
(1) (E, Iν) is an M-fuzzifying matroid.
(2) ∀a ∈ P(M), (Iν)(a) = Iνa .
(3) ν is the M-fuzzifying nullity for (E, Iν), i.e. ν = νIν .
Proof. Obviously, (1) and (2) hold by Theorem 2.3 and Lemma 4.7.
(3) ∀A ∈ 2E and a ∈ P(M), by Theorem 4.2 and (2), we have the following equations:
(νIν )(A)[a′] = ν(Iν )(a)(A) = νIνa (A) = νa(A) = ν(A)[a′].
This implies that νIν = ν, i.e. ν is theM-fuzzifying nullity for (E, Iν). 
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Theorem 4.9. For any M-fuzzifying matroid (E, I), we have IνI = I.
Proof. ∀a ∈ P(M), by Theorem 4.2, Lemma 4.6 and Theorem 4.8, we have
A ∈ (IνI)(a) ⇔ νI(A)[a′] = 0⇔ νI(a)(A) = 0⇔ A ∈ IνI(a) = I(a).
Hence (IνI)
(a) = I(a) for any a ∈ P(M), and thus IνI = I. 
By Theorems 4.5, 4.8 and 4.9, the following theorem is obvious.
Theorem 4.10. An M-fuzzifying matroid and its M-fuzzifying nullity are in one-to-one correspondence. That is, an M-fuzzifying
matroid can be characterized by means of its M-fuzzifying nullity.
Remark 4.11. By Theorem4.10, theM-fuzzifying nullity for anM-fuzzifyingmatroid can bedeterminedby (MFN1)–(MFN3)
completely; hence we call (MFN1)–(MFN3) theM-fuzzifying nullity axioms.
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